In a recent paper, F. Thaine [1] obtained some congruences on cyclotomic numbers via his theory of combinatory polynomials. In the present paper we show, in the spirit of [3] , that the p-adic logarithm yields a general method for attacking such problems. As an application we strengthen and give alternative proofs for Thaine's results. Classically, Kummer's logarithmic differential quotient has been used on this type of problem, but it seems that the p-adic logarithm is more natural and connects more easily with the theory of p-adic Z-functions, as in the proof of Theorem 2.
Let p be an odd prime, c a primitive pth root of unity, and it = 1 -c. Let a, b, and / be rational integers, and let B= H(a + bck)k'. The first half of Theorem 2 was proved by Thaine. He conjectured a weaker form of the second half and proved it when 2 is a primitive root mod p.
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Actually, the assumption that r is even in Theorem 2 is not needed: Z?p_i_r = 0, but A is a pth power of a real number, when r is odd, from which it follows easily that A = qp modp7T2 is satisfied. It may seem surprising at first that A = q modp implies the stronger A = qp modp7T2. However, A = q modp implies A -q^ modp7r for some q<i G Z. Since A is real, the congruence can be taken modp7r . Since A is a unit, hence has norm 1, it follows that q%~ = 1 modp7r2, so A = «72 = 9i modp7T2 for some q\.
Our main tool in the proofs of the theorems will be the p-adic logarithm. Let PROOF. If 7 = a0 + ai7r-l-, then ç~ai/a°^ = a0 modyr2, so we shall henceforth assume 7 is congruent to a rational integer mod 7r2 and prove the first half of the lemma with t = 0. Let 7re be the largest power of it such that 7 is congruent to a rational integer mod7re, and write 7 = x + yite with igZ, pfx, and y G Z[ç] (if a largest e does not exist, let e > g be arbitrary). We have
(1) logp7 = logpx + logp(l + V).
Suppose e < g. In particular, e is then maximal, so it\y. Since itp~l¡p is a unit and congruent to an integer mod7T, it follows that e ^ 0 modp -1. By the hypothesis on 7 and a property of logp mentioned above, we have 
